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A MODULE-THEORETIC INTERPRETATION OF
SCHIFFLER’S EXPANSION FORMULA
THOMAS BRU¨STLE AND JIE ZHANG
Abstract. We give a module-theoretic interpretation of Schiffler’s ex-
pansion formula which is defined combinatorially in terms of complete
(Γ, γ)−paths in order to get the expansion of the cluster variables in
the cluster algebra of a marked surface (S,M). Based on the geometric
description of the indecomposable objects of the cluster category of the
marked surface (S,M), we show the coincidence of Schiffler-Thomas’
expansion formula and the cluster character defined by Palu.
1. Introduction
We study in this paper the cluster algebra with principal coefficients of a
marked surface without punctures: Consider a compact connected oriented
2-dimensional bordered Riemann surface S and a finite set of marked points
M lying on the boundary ∂S of S with at least one marked point on each
boundary component. The condition M ⊂ ∂S means that we do not allow
the marked surface (S,M) to have punctures.
Cluster algebras were first introduced in [10] by Fomin and Zelevinsky.
This is a class of commutative rings designed to develop an algebraic frame-
work for the theory of total positivity in semisimple groups and canonical
bases in quantum groups. The theory of cluster algebras has connections
with various areas of mathematics like quiver representations, Lie theory,
combinatorics, Teichmu¨ller theory and poisson geometry.
In [9], a cluster algebra A(S,M) is associated to the marked surface (S,M)
with one of its triangulations Γ, and a bijection γ ↔ xΓγ is established
between the internal arcs in (S,M) and the cluster variables in A(S,M).
In particular, the initial seed of A(S,M) corresponds to the triangulation Γ
of (S,M) and the matrix BΓ of Γ, and the mutation of a seed of A(S,M)
corresponds to the flip of an arc in the triangulation. The cluster algebra
A(S,M), defined by iterated mutations, thus is independent of the chosen
triangulation Γ of (S,M). However, the expression of xΓγ was still unclear
in [9] until Schiffler-Thomas [20] and Schiffler [19] invented the notion of a
complete (Γ, γ)−path which is a concatenation of arcs in Γ, and completely
described the expression of xΓγ combinatorially in terms of γ and Γ for the
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cluster algebra A0(S,M) without coefficients and the cluster algebra A(S,M)
with coefficients respectively.
A quiver with potential (QΓ,WΓ) associated to the matrix BΓ has been
defined for each triangulation Γ of (S,M) in [16, 2]. It has been shown in [2]
that the corresponding Jacobian algebra J(QΓ,WΓ) is a finite-dimensional
string algebra. The string modules over J(QΓ,WΓ) are described in [2] by
non-contractible curves in the marked surface (S,M) which are not in Γ, and
the band modules are described using closed curves in S. For each curve γ
in (S,M), we denote by w(Γ, γ) and M(Γ, γ) the corresponding string and
string module over J(QΓ,WΓ), respectively.
We give in this paper a module-theoretic interpretation of Schiffler’s ex-
pansion formula EΓ? , interpreting the definition of complete (Γ, γ)−paths
in terms of string modules. We consider the cluster algebra A(S,M) with
principal coefficients, and describe Schiffler’s expansion formula not only for
internal arcs but also for all curves in (S,M) in terms of representations of
J(QΓ,WΓ). To do this, we denote by Ind(γ) ∈ N
n a vector determined by
the minimal injective resolution of M(Γ, γ) and by µe(Γ, γ) the number of
collections of substrings of w(Γ, γ) such that the direct sum of the corre-
sponding string modules has dimension vector e. Then Schiffler’s expansion
formula EΓ? can be written as follows:
Theorem 1. Let Γ be a triangulation of (S,M), and γ a curve in the marked
surface (S,M). Then
EΓγ =
∑
e
µe(Γ, γ) X
IndΓ(γ)+BΓeT Y e.
The cluster category of the marked surface C(S,M) providing a categori-
fication of the cluster algebra A(S,M) has been defined in [1]. In fact, one
can define by [1] the cluster category CΓ = C(QopΓ ,W
op
Γ )
associated to Γ since
the Jacobian algebra J(QΓ,WΓ) is finite dimensional. Moreover, it has been
proven in [14] that up to triangle equivalence the category CΓ does not de-
pend on the triangulation Γ of (S,M) and is just denoted by C(S,M). It is
shown in [1] that C(S,M) is a Hom-finite, Krull-Schmidt, 2-Calabi-Yau trian-
gulated category which admits cluster-tilting objects, and the indecompos-
able objects in C(S,M) have been described in [4] by curves or closed curves
in (S,M).
We also show in this paper the coincidence of Schiffler-Thomas’ expansion
formula and the cluster character defined in [5, 17]. In fact, the cluster-tilting
object TΓ in C(S,M) induced by a triangulation Γ of (S,M) yields a cluster
character
XΓ? := X
TΓ
? : IndC(S,M) −→ Q(x1, . . . , xn)
which sends the rigid indecomposable objects in C(S,M) to the cluster vari-
ables in the cluster algebra A0(S,M) without coefficients. By using Poetter-
ing’s formula for the Euler-Poincare´ characteristic of a string module, we
can get the following theorem:
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Theorem 2. Let γ be a curve in (S,M), then
XΓγ = E
Γ
γ (x1, . . . , xn, 1, . . . , 1).
We would like to point out that the equality between the formulas inher-
ited from complete (Γ, γ)−paths and cluster characters has been observed in
[7] for curves in the marked surface (S,M) when S is an annulus. Moreover,
it is shown there that complete (Γ, γ)−paths and cluster characters diverge
when considering closed curves in the surface (they give rise to first kind
and second kind Chebyshev polynomials respectively).
The paper is organized as follows: In section 2 we recall the definition of
a cluster algebra with coefficients and review the construction of a cluster
algebra given by a marked surface. Section 3 summarizes Schiffler’s ex-
pansion formula for cluster algebras stemming from a surface triangulation.
In section 4 we give module-theoretic interpretations of the combinatorial
concepts arising in section 3, and thus obtain a new formulation of Schif-
fler’s expansion formula. We compare these results in section 5 with (Palu’s
version of) the Caldero-Chapoton map.
2. Cluster algebras
2.1. Definitions. Let P = (P,⊕, ·) be a semifield which means that (P, ·) is
an abelian multiplicative group, and ⊕ is a binary operation on P which is
commutative, associative and distributive (with respect to the multiplication
“ · ” ). Let ZP be the group ring of the multiplicative group (P, ·), and F
be the ambient field of rational functions in n independent variables with
coefficients in QP.
Definition 2.1 ([11]). A seed in F is a triple (B,x,y) where
• the exchange matrix B = (bij) is a skew symmetrizable n× n integer
matrix,
• the cluster x = (x1, . . . , xn) is a free generating set of F over QP
with n algebraically independent elements (called cluster variables),
• the coefficients y = (y1, . . . , yn) form an n−tuple of elements in P.
Denote [a]+ := max(x, 0) for each integer a. A new seed can be obtained
from a given one by mutations:
Definition 2.2 ([11]). The mutation of a given seed (B,x,y) in direction
k (1 ≤ k ≤ n), denoted by µk(B,x,y), is a new seed (B
′,x′,y′) in F defined
as follows
• the exchange matrix B′ = (b′ij) is given by the matrix mutation
defined as follows:
b′ij =
{
−bij if i=k or j=k;
bij + [−bik]+ · bkj + bik · [bkj ]+ otherwise,
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• the cluster x′ = (x \ {xk}) ∪ {x
′
k} where x
′
k is determined by the
exchange relation:
x′k =
yk
∏
x
[bik]+
i +
∏
x
[−bik]+
i
(yk ⊕ 1)xk
,
• the coefficients tuple y′ = (y′1, . . . , y
′
n) is obtained by mutation of
the coefficients tuple defined as follows
y′j =
{
y−1k if j = k;
yjy
[bkj ]+
k (yk ⊕ 1)
−bkj if j 6= k.
Remark 2.3. The mutations are involutions, that is, (B,x,y) = µk(µk(B,x,y)).
The matrix mutation can also be defined for an m× n (m ≥ n) matrix.
The cluster algebra A = A(B,x,y) associated with a given initial seed
(B,x,y) is the ZP−subalgebra of the field F generated by all the cluster
variables in the clusters obtained by sequences of mutations from the initial
seed (B,x,y).
We usually consider cluster algebras of geometric type which means
P = Trop(xn+1, . . . , xm)(n ≤ m)
is a tropical semifield, that is, (P, ·) is a free abelian group generated by
xn+1, . . . , xm with addition ⊕ defined as follows
m∏
i=n+1
xaii ⊕
m∏
i=n+1
xbii =
m∏
i=n+1
x
min(ai,bi)
i .
By definition of the tropical semifield P, each element in the coefficients
tuple can be written as
yk =
m∏
i=n+1
xbiki
where bik are integers. To deal with the cluster algebras of geometric type, it
is convenient to replace the exchange matrix B in Definition 2.2 by an m×n
matrix B˜ = (bij) (extended exchange matrix ) whose upper part is the n× n
exchange matrix B and whose lower part is an (m−n)×n matrix induced by
the coefficient tuple. Then the matrix mutation B˜′ = (b′ij) = µk(B˜) yields
the mutation of coefficient tuple in Definition 2.2. Moreover, the exchange
relation in Definition 2.2 becomes
x′k = x
−1
k (
m∏
i=1
x
[bik]+
i +
m∏
i=1
x
[−bik]+
i ).
A cluster algebra A = A(B,x,y) is said to have principal coefficients if it
is of gemetric type with the tropical semifield
P = Trop(xn+1, . . . , xm) = Trop(y1, . . . , yn),
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that is, m = 2n and yi = xn+i for each 1 ≤ i ≤ n. In the following, we only
consider cluster algebras with principal coefficients.
Theorem 2.4. [10, 11]Let X be any cluster variable in the cluster algebra
A(B,x,y) with principal coefficients, then it has an expansion as
X =
f(x1, x2, . . . , xn; y1, y2, . . . , yn)
xd11 , . . . , x
dn
n
where f ∈ Z[x1, x2, . . . , xn; y1, y2, . . . , yn].
For each cluster variable X = X(x1, . . . , xn, y1, . . . , yn) in a cluster alge-
braA(B,x,y) with principal coefficients, the F-polynomial FX = FX(y1, . . . , yn)
associated to X is defined to be the rational function obtained from X by
evaluating all xi (1 ≤ i ≤ n) to 1:
FX(y1, . . . , yn) = X(1, . . . , 1, y1, . . . , yn).
Let B˜ = (bij) be the 2n× n initial extended exchange matrix of A, then we
define yˆj for each 1 ≤ j ≤ n by
yˆj =
m∏
i=1
x
bij
i .
Proposition 6.1 in [11] implies that each cluster variable X can be written
in the form
X = X(x1, . . . , xn, y1, . . . , yn) = R(yˆ1, . . . , yˆn)
n∏
i=1
xgii ,
where gi are integers andR(u1, . . . , un) is a rational function inQ(u1, . . . , un).
The g-vector gX associated to the cluster variable X is defined as
gX = (g1, . . . , gn).
2.2. Cluster algebras of a marked surface. Let (S,M) be a marked
surface without punctures. By a curve in (S,M), we mean the image of a
continuous function γ : [0, 1] → S with γ(0), γ(1) ∈ M . A simple curve is
one where γ is injective, except possibly at the endpoints. We always con-
sider curves up to homotopy, and for any collection of curves we implicitly
assume that their mutual intersections are minimal possible in their respec-
tive homotopy classes. The orientation of S induces an orientation on the
boundary components (which are circles), and we assume that each such cir-
cle is oriented clockwise. We recall from [9] the definition of a triangulation:
Definition 2.5. An arc δ in (S,M) is a simple non-contractible curve in
(S,M). The boundary of S is a disjoint union of circles, which are subdivided
by the points in M into boundary segments. We call an arc δ a boundary
arc if it is homotopic to such a boundary segment. Otherwise, δ is said to
be an internal arc. A triangulation of (S,M) is a maximal collection Γ of
arcs that do not intersect except at their endpoints. We call a triangle △ in
Γ an internal triangle if all edges of △ are internal arcs.
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Up to homeomorphism, (S,M) is defined by the genus g of S, the num-
ber b of boundary components, and the number c = |M | of marked points.
Moreover, the following formula gives the number of internal arcs in a tri-
angulation of (S,M).
Proposition 2.6 ([9]). In each triangulation of (S,M), the number of in-
ternal arcs is
n = 6g + 3b+ c− 6.
Recall from [2, 16] that each triangulation Γ of (S,M) yields a quiver
with potential (QΓ,WΓ):
(1) QΓ = (Q0, Q1) where the set of vertices Q0 is given by the internal
arcs of Γ, and the set of arrows Q1 is defined as follows: Whenever
there is a triangle △ in Γ containing two internal arcs a and b, then
there is an arrow ρ : a → b in Q1 if a is a predecessor of b with
respect to clockwise orientation at the joint vertex of a and b in △ .
(2) every internal triangle △ in Γ gives rise to an oriented cycle α△β△γ△
in Q, unique up to cyclic permutation of the factors α△, β△, γ△. We
define
WΓ =
∑
△
α△β△γ△
where the sum runs over all internal triangles △ of Γ.
Let Γ = {τ1, . . . , τn, τn+1, . . . , τm} be a triangulation of (S,M) with n in-
ternal arcs τ1, . . . , τn. We define the signed adjacency matrix BΓ = (bij)n×n
of Γ by setting
bij = ♯{α ∈ Q1 | α : τj → τi} − ♯{β ∈ Q1 | β : τi → τj}.
Remark that BΓ is always skew-symmetric, and it is the transpose of the
matrix of the quiver QΓ.
Let AΓ = A(BΓ,xΓ,yΓ) be the cluster algebra with principal coefficients
associated to Γ, that is AΓ is given by the initial seed (BΓ,xΓ,yΓ) where
the exchange matrix is given by the signed adjacency matrix BΓ, xΓ =
{xτ1 , . . . , xτn} is the initial cluster indexed by the internal arcs of Γ, the
initial coefficients yΓ = {yτ1 , . . . , yτn} are given by the vector of generators
of a tropical field P =Trop(yτ1 , . . . , yτn). We denote by A
0
Γ = A(BΓ,xΓ) the
cluster algebra given by the initial seed (BΓ,x, 1).
Theorem 2.7 ([9]). There is a bijection γ ←→ xΓγ between the internal
arcs in (S,M) and the cluster variables in AΓ. In particular, x
Γ
τi
= xi for
1 ≤ i ≤ n.
Fomin-Zelevinsky showed in [10] that each cluster variable xΓγ is a Laurent
polynomial, hence can be uniquely written as
xΓγ =
f(x1, . . . , xn)∏n
i=1 x
di
i
,
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where the right hand side is a reduced fraction with f ∈ ZP[x1, . . . , xn], di ≥
0. Fomin-Shapiro-Thurston in [9] described a recipe to find the denominator
vector (d1, . . . , dn) of x
Γ
γ in terms of intersection numbers of γ and the
triangulation Γ. Then Schiffler gave a direct expansion formula of xΓγ in
[19] by using so-called complete (Γ, γ)−paths. This allows to compute xΓγ
combinatorially in terms of γ and Γ.
Note that Schiffler and Thomas in [20] first gave the expansion formula
of xΓγ for the cluster algebra A
0
Γ.
3. Schiffler’s expansion formula
We introduce in this section Schiffler’s expansion formula for the curves
in (S,M). Note that the expansion formula was first defined for internal
arcs in (S,M) in order to get the expression of the corresponding cluster
variable (see Theorem 2.7). In fact, the definition of Schiffler’s expansion
formula works for all curves in (S,M).
For two curves γ′, γ in (S,M) we denote by I(γ′, γ) the minimal inter-
section number of two representatives of the homotopic classes of γ′ and
γ.
3.1. Complete (Γ, γ)−path. Let γ be a curve in (S,M) with d =
∑
γ′∈Γ I(γ
′, γ)
which is allowed to have self-intersections. We fix an orientation for the curve
γ and denote p0 = γ(0) and pd+1 = γ(1). Let τi1 , τi2 , . . . , τid be the internal
arcs of Γ that intersect γ at p1, . . . , pd in the fixed orientation of γ, see the
following figure.
r r
r r r r
r r r r r r
p1 p2 ps ps+1 ps+2 pd
γ(0) γ(1)
τi0
τi−1
τjs
τid+1
τid+2
τi1 τi2 τis τis+1 τidτis+2
△0
△1
△s
△s+1
△d
γ
r r r r r
Along its way, the curve γ is passing through (not necessarily distinct) tri-
angles △0,△1, . . . ,△d. For 0 ≤ k ≤ d, let [pkpk+1] denote the segment of γ
in △k from pk to pk+1. If 1 ≤ l ≤ d−1, then △l is formed by the internal arcs
τil and τil+1 , the third arc is denoted by τjl. In △0, we denote the side that
lies clockwise of τi1 by τi0 , the third arc by τi−1 . Similarly, in △d, denote the
side that lies clockwise of τid by τid+1 , the third arc by τid+2 .
Definition 3.1 ([20, 19]). A complete (Γ, γ)−path α = α1α2 · · ·α2d+1 is a
concatenation of arcs in Γ such that
(C1) α2k = τik for each 1 ≤ k ≤ d,
(C2) for each 0 ≤ k ≤ d, [pkpk+1] is homotopic to the segment of α2kα2k+1α2k+2
in α starting from pk to pk+1.
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Note that a complete (Γ, γ)−path induces an orientation on each of its
arcs αi. We denote by CΓ(γ) the set of all complete (Γ, γ)−paths.
Example 3.2. Consider a triangulation Γ of the disc with 8 marked points
on the boundary, and let γ be an internal arc in the disc as follows.
r
r
r
r
rr
r r
s(γ)
e(γ)
τ3
τ1
τ4
τ5
τ2
τ6
τ7τ8
τ9
τ13
τ12τ11
τ10
γ
By definition, CΓ(γ) consists of the following 5 elements:
τ1τ2τ2τ3τ5τ5τ7, τ1τ2τ8τ3τ4τ5τ7,
τ1τ2τ8τ3τ3τ5τ6, τ9τ2τ3τ3τ3τ5τ6, τ9τ2τ3τ3τ4τ5τ7.
3.2. Schiffler’s expansion formula. Note that the surface S is oriented
and the orientation of S induces an orientation on each triangle △ in (S,M).
We assume each triangle △ has the anticlockwise orientation. Therefore
one internal arc τi has different orientations in different triangles, see the
following picture which is a triangulation of the disk with 8 marked points.
r
r
r
r
rr
r r
On the other hand, a complete (Γ, γ)−path α = α1α2 · · ·α2d+1 also in-
duces an orientation on each arc αi in α. Assume α2k = τik is a common
edge of the two triangles △k−1,△k, then we say α2k = τik is γ−oriented in
α if the orientation of τik induced by α is the same as its orientation in △k .
Consider the following segment α2kα2k+1α2k+2 = τikτjkτik+1 of a complete
(Γ, γ)−path α = α1α2 · · ·α2d+1:
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r
r r
r
b
d
a c△k
△k+1
α2k=τik
α2k+1=τjk
γ
τi
k+1=α2k+2
Then α2k is γ−oriented, and α2k+2 is not γ−oriented since the orientation
of α2k+2 in α is from d to b but τik+1 = α2k+2 is oriented in △k+1 from b
towards d.
The following proposition given in [19] for internal arcs can also be gen-
eralized for curves in (S,M) with the same proof.
Proposition 3.3 ([19]). Let γ be a curve in (S,M), then there is precisely
one complete (Γ, γ)−path α0γ = α
0
1α
0
2 · · ·α
0
2d+1 such that none of its even
arcs α02k is γ−oriented. Dually, there is precisely one complete (Γ, γ)−path
α1γ = α
1
1α
1
2 · · ·α
1
2d+1 such that all of its even arcs α
1
2k are γ−oriented.
For each complete (Γ, γ)−path α = α1α2 · · ·α2d+1, let
x(α) =
∏
k odd xαk
xi1xi2 · · · xid
and y(α) =
∏
α2k is γ−oriented
yik
where xαk = 1 if αk is a boundary arc. Schiffler’s expansion formula E
Γ
γ
with respect to Γ is defined as follows:
EΓγ :=
∑
α∈CΓ(γ)
x(α)y(α).
This formula gives the expression of the cluster variable xΓγ in the cluster
algebra AΓ :
Theorem 3.4 ([19]). Let Γ be a triangulation of (S,M), and γ an internal
arc in (S,M), then
xΓγ = E
Γ
γ .
Remark 3.5. If we consider the cluster algebra A0Γ, then we get Schiffler-
Thomas’ expansion formula in [20]:
xΓγ = E
Γ
γ (x1, . . . , xn, 1, . . . , 1) =
∑
α∈CΓ(γ)
x(α)
for each internal arc γ.
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4. A module-theoretic interpretation of Schiffler’s expansion
formula
In order to give a module-theoretic interpretation of Schiffler’s formula, we
first introduce some notation for the string algebra arising from the marked
surface (S,M).
4.1. String algebras arising from (S,M). From [2] we know that J(QΓ,WΓ)
is a finite-dimensional string algebra provided (QΓ,WΓ) is defined by a tri-
angulation of a marked surface as in the previous section.
In [2], the strings and bands of J(QΓ,WΓ) are related to the curves and
closed curves respectively in (S,M) : For each curve γ in (S,M) with
d =
∑
τ∈Γ I(τ, γ), we fix an orientation of γ, and let τi1 , τi2 , . . . , τid be the
internal arcs of Γ that intersect γ in the fixed orientation of γ.
r
r
r
r
r
r
r
rγ(0) γ(1)
r
r
r
r
r r r
r r
γ
τi1 τidτi2 τid−1τi3
x0 △1
△0
△2
△d−1
△3
△d
Here the boundary is indicated by the circles in the above figure. Along
its way, the curve γ is passing through (not necessarily distinct) triangles
△0,△1, . . . ,△d. Thus we obtain a string w(Γ, γ) in J(QΓ,WΓ):
w(Γ, γ) : τi1
α1
τi2
α2
· · · τid−2
αd−2
τid−1
αd−1
τid .
We denote byM(Γ, γ) the corresponding string moduleM(w(Γ, γ)), we refer
to [3, 4] for more details about string algebras.
4.2. Substring Modules. We keep the notation as in the previous sub-
section. A subword wI(Γ, γ) of w(Γ, γ) indexed by an interval I = [j, s] =
{j, j + 1, . . . , s} with 1 ≤ j ≤ s ≤ d is a string over J(QΓ,WΓ) given by:
wI(Γ, γ) : τij
αj
τij+1
αj+1
τij+2 · · ·
αs−1
τis .
Note that the string module M(wI(Γ, γ)) given by the subword wI(Γ, γ) of
w(Γ, γ) is not necessarily a submodule of M(Γ, γ). In case M(wI(Γ, γ)) is a
submodule of M(Γ, γ), we call the subword wI(Γ, γ) a substring of w(Γ, γ).
More generally, for any subset I ⊂ {1, 2, 3, . . . , d}, we can uniquely write
I as a disjoint union of intervals of maximal length I = I1∪ I2∪ · · · ∪ It that
is
(1) Il is an interval for each 1 ≤ l ≤ t,
(2) max{i|i ∈ Il}+ 2 ≤min{i|i ∈ Il+1} for each 1 ≤ l ≤ t− 1,
(3) Ij ∩ Ik = ∅ if j 6= k.
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We call I1 ∪ I2 ∪ · · · ∪ It the interval decomposition of I. For each subset
I ⊆ {1, 2, 3, . . . , d} with its interval decomposition I = I1 ∪ I2 ∪ · · · ∪ It,
consider the direct sum of string modules over J(QΓ,WΓ)
MI(Γ, γ) =
t⊕
l=1
M(wIl(Γ, γ)).
Set
SΓ(γ) = {I ⊆ {1, 2, 3, . . . , d}|MI(Γ, γ) is a submodule of M(Γ, γ)}.
Therefore, if I = I1 ∪ I2 ∪ · · · ∪ It ∈ SΓ(γ) then wIl(Γ, γ) is a substring of
w(Γ, γ) for each 1 ≤ l ≤ t.
Example 4.1. We consider an annulus with three marked points on the
boundary components and a triangulation Γ = {τ1, τ2, τ3, τ4, τ5, τ6} with
internal arcs τ1, τ2, τ3 as follows:
r
r
r
τ2
τ4 τ5
τ1
τ3
τ6
γ
The associated Jacobian algebra J(QΓ,WΓ) is cluster-tilted of type A˜2 where
the quiver is as follows
r
r r
τ2
τ1 τ3
β
α
θ ε
with potential WΓ = βεθ.
For the curve γ, it is easy to see that d =
∑
τ∈Γ I(τ, γ) = 6 with τi1 =
τ2, τi2 = τi4 = τi6 = τ3, τi3 = τi5 = τ1 and w(Γ, γ) is given by:
w(Γ, γ) : τ2
ε
→ τ3
α
→ τ1
β
← τ3
α
→ τ1
β
← τ3.
Take I = {1, 3, 5}, then {1} ∪ {3} ∪ {5} is the interval decomposition of I,
and MI(Γ, γ) = S2 ⊕ S1 ⊕ S1 where Si is the simple module corresponding
to τi. Since S2 is not a submodule of M(Γ, γ), I 6∈ SΓ(γ).
Take I = {1, 2, 3, 5} = {1, 2, 3} ∪ {5}, then MI(Γ, γ) = M(Γ, αε) ⊕ S1,
then I ∈ SΓ(γ) since both M(Γ, αε) and S1 are submodules of M(Γ, γ).
Moreover, SΓ(γ) consists of the following elements
∅, {3, 5}, {1, 2, 3}, {3, 4, 5}, {1, 2, 3, 5}, {2, 3, 4, 5, 6},
{3}, {2, 3}, {2, 3, 5}, {2, 3, 5, 6}, {2, 3, 4, 5}, {1, 2, 3, 5, 6},
{5}, {5, 6}, {3, 5, 6}, {3, 4, 5, 6}, {1, 2, 3, 4, 5}, {1, 2, 3, 4, 5, 6}.
12 THOMAS BRU¨STLE AND JIE ZHANG
4.3. γ−oriented arcs. The definition of a γ−oriented arc in a complete
(Γ, γ)−path is given in combinatorial terms. We give in this section a
module-theoretic interpretation for this definition. The following two lem-
mas play an important role for the interpretation.
Lemma 4.2. Let α = α1α2 · · ·α2d+1 be a complete (Γ, γ)−path in (S,M).
Assume there is an arrow α2k = τik → τik+1 = α2k+2 (or τik−1 = α2k−2 ←
τik = α2k) in J(QΓ,WΓ). If α2k is γ−oriented in α, then α2k+2 (or α2k−2)
is also γ−oriented in α.
Proof. We only prove the case when there is an arrow τik → τik+1 in J(QΓ,WΓ).
Assume α = α1α2 · · ·α2k−1τikα2k+1τik+1α2k+3 · · ·α2d+1, and consider the
following segment τikα2k+1τik+1 of α,
r
r r
r
b
d
a c
△k △k+1
α2k=τik
γ τik+1=α2k+2
τjk
where τik lies anticlockwise before τik+1 , and a, b, c, d are four marked points
in M .
Since τik = α2k is γ−oriented in α, α2k has an orientation from a to d in
α. The definition of complete (Γ, γ)−path implies α2k+2 = α2k+1 = τik+1
and α induces an orientation for α2k+2 = τik+1 which is the same as induced
by △k+1. Hence τik+1 = α2k+2 is γ−oriented in α. 
The above lemma allows us to define a map
ϕ : CΓ(γ) −→ SΓ(γ)
by sending each α ∈ CΓ(γ) to Iα := ϕ(α) = {k| α2k is γ − oriented}. Note
that MIα(Γ, γ) is a submodule of M(Γ, γ) which implies Iα ∈ SΓ(γ).
Lemma 4.3. For each I ∈ SΓ(γ), there is a unique complete (Γ, γ)−path
αI = α1α2 · · ·α2d+1 ∈ CΓ(γ) such that only the elements in {α2k| k ∈ I}
are γ−oriented.
Proof. Suppose I = I1 ∪ I2 ∪ · · · ∪ It is the interval decomposition of I.
Without loss of generality, we assume for each 1 ≤ l ≤ t
Il = {rl, rl + 1, rl + 2, . . . , sl} ⊂ {1, 2, 3, . . . , d}
where 1 ≤ r1 ≤ s1 < r2 ≤ s2 < · · · < rt ≤ st ≤ d. Let α
0
γ = α
0
1α
0
2 · · ·α
0
2d+1
be the complete (Γ, γ)−path in Proposition 3.3 such that none of its even
arcs α02k is γ−oriented and α
1
γ = α
1
1α
1
2 · · ·α
1
2d+1 be the one with all its even
arcs α12k γ−oriented.
Consider the following expression
αI = α
1
0α
0
2 · · ·α
0
2r1−2(α2r1−1α
1
2r1α
1
2r1+1 · · ·α
1
2s1α2s1+1)
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α02s1+2 · · ·α
0
2r2−2(α2r2−1α
1
2r2α
1
2r2+1 · · ·α
1
2s2α2s2+1)
α02s2+2 · · ·α
0
2r3−2 · · · · · ·
(α2rt−1α
1
2rtα
1
2rt+1 · · ·α
1
2stα2st+1)α
0
2st+2 · · ·α
0
2d+1.
where the even positions are underlined. We are going to show that there
is a unique choice of α2rl−1 (or α2sl+1) for each 1 ≤ l ≤ t such that αI is a
complete (Γ, γ)−path.
For each 1 ≤ l ≤ t, consider the following segment α02rl−2α2rl−1α
1
2rl
of αI ,
r
r r
r
b
d
a c△l−1
△l
τirl−1
=α02rl−2
γ α
1
2rl
=τirl
τjl−1
where Lemma 4.2 implies that α02rl−2 = τirl−1 is a clockwise successor of
α12rl = τirl .
Since α12rl is γ−oriented, it has the orientation from b to d. And α
0
2rl−2
is oriented from d towards a since α02rl−2 = τirl−1 is not γ−oriented in αI .
Thus α2rl−1 = τjl−1 for 1 ≤ l ≤ t.
Similarly, we get α2sl+1 = τjsl for 1 ≤ l ≤ t. Hence αI is a complete
(Γ, γ)−path such that only the elements in {α2k| k ∈ I} are not γ−oriented
in αI . The uniqueness of α
0 and α1 yields the uniqueness of αI . 
Define a map
ψ : SΓ(γ) −→ CΓ(γ)
by sending each I ∈ SΓ(γ) to ψ(I) = αI as defined in the above lemma.
It is easy to check that ψ ◦ ϕ(I) = I by the definition and ϕ ◦ ψ(α) = α
by the uniqueness in Lemma 4.3. Hence ψ and ϕ are mutually inverse, and
there is a bijection between SΓ(γ) and CΓ(γ).
Example 4.4. Reconsider Example 3.2, then
α0γ = τ1τ2τ2τ3τ5τ5τ7, α
1
γ = τ9τ2τ3τ3τ3τ5τ6.
The string w(Γ, γ) is of the form:
τ2 ← τ3 → τ5,
then SΓ(γ) = {∅, {1}, {3}, {1, 3}, {1, 2, 3}}. Hence,
ψ(∅) = τ9τ2τ3τ3τ3τ5τ6, ψ({1, 2, 3}) = τ1τ2τ2τ3τ5τ5τ7,
ψ({1}) = τ1τ2τ8τ3τ3τ5τ6, ψ({3}) = τ9τ2τ3τ3τ4τ5τ7, ψ({1, 3}) = τ1τ2τ8τ3τ4τ5τ7.
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4.4. Index of γ. Recall from [11] that the Laurent expansion of any clus-
ter variable xΓγ in the cluster algebra AΓ with initial seed (BΓ,xΓ,yΓ) is
homogeneous with respect to the grading given by
deg(xi) = deg(xτi) = eτi = (0, . . . , 0, 1, 0, . . . , 0)
T
with 1 at ith position and
deg(yi) = −BΓeτi = −BΓei
where we often write ei instead of eτi for convenience. The definition of BΓ
implies
deg(yi) =
∑
τi→τk
deg(xk)−
∑
τk→τi
deg(xk) = deg(
∏
τi→τk
xk∏
τk→τi
xk
).
The g−vector gΓγ associated to the cluster variable x
Γ
γ is just the degree
of its Laurent expansion with respect to this grading.
Let γ be a curve in (S,M). If γ = τi ∈ Γ, define the index of γ with
respect to Γ by IndΓ(γ) = ei; If γ 6∈ Γ and
0 −→M(Γ, γ) −→ I0 −→ I1
is the minimal injective resolution of M(Γ, γ) in modJ(QΓ,WΓ), then the
index IndΓ(γ) of γ with respect to Γ is defined to be the vector given by
IndΓ(γ) =
n∑
i=1
ei (| Hom(Si, I1) | − | Hom(Si, I0) |)
where Si is the simple module over J(QΓ,WΓ).
Proposition 4.5. Let γ be a curve in (S,M), α0γ ∈ CΓ(γ) be the complete
(Γ, γ)−path such that none of its even arcs is γ−oriented, then
(1) deg(x(α0γ)) = IndΓ(γ),
(2) EΓγ is homogeneous.
Proof. It suffices to consider γ 6∈ Γ, we assume γ intersects Γ in its fixed
orientation at τi1 , . . . , τid , see the following picture where we write ik(or jk)
instead of τik(or τjk) for convenience.
r r
r r r r r r
r rr rrr r r r
s(γ) e(γ)
γ
i1 it1i2
j1
is2
js2−1
js2
is2+1
is2−1
is3+1 ism
jsm−1
it2 is3
js3
idid−1
jd−1
τi0
τi
−1
τi
d+2
τi
d+1
Thus the string w(Γ, γ) is of the form
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τis2
τit2
τi1=τs1 τism
τitm−1
τit1
τitm
=τid
(1) It is easy to see that topM(Γ, γ) =MI(Γ, γ) with I = {t1, t2, . . . , tm} ⊂
{1, 2, . . . , d}, and socM(Γ, γ) =MJ(Γ, γ) with J = {s1, s2, . . . , sm} ⊂
{1, 2, . . . , d} where 1 = s1 < t1 < s2 < t2 < · · · < sm < tm = d.
Therefore, the minimal injective resolution of M(Γ, γ) is given by
0 −→M(Γ, γ) −→
m⊕
k=1
I(isk) −→
m−1⊕
k=1
I(itk )⊕ I(i0)⊕ I(id+1),
where I(ik) is the indecomposable injective module corresponding
to τik and I(ik) = 0 if τik is a boundary arc. By definition
IndΓ(γ) = deg(xi0xid+1
m−1∏
k=1
xitk/
m∏
k=1
xisk ).
On the other hand, we consider the unique (Γ, γ)−path α0γ in
Proposition 3.3:
α0γ = α
0
1α
0
2 · · ·α
0
2d+1 = τi0τi1τi2τi2τi3 · · · τit1τit1 τit1τit1+1τit1+1 · · ·
τis2−1τis2τis2+1τis2+1 · · · · · · τid−1τid−1τidτidτid+1
where the even positions are indicated by underlines. Then y(α0γ) =
1 by definition and
x(α0γ) =
∏
k odd xα0k
xi1xi2 · · · xid
=
xi0xi2xi3 · · · xit1xit1xit1+1 · · · xis2−1xis2+1 · · · · · · xid−1xidxid+1
xi1xi2xi3 · · · xit1−1xit1xit1+1 · · · xis2−1xis2xis2+1 · · · · · · xid−1xid
= xi0xid+1
m−1∏
k=1
xitk/
m∏
k=1
xisk .
This completes the proof.
(2) It suffices to prove that
deg(x(α)y(α)) = deg(x(α0γ))
for each α ∈ CΓ(γ). We know from section 4.3 that each complete
(Γ, γ)−path α can be obtained from α0γ by substituting pieces of
segments (corresponding to substrings of w(Γ, γ)) in α1γ for these in
α0γ .
By the definition of x(α), it is sufficient to consider the complete
(Γ, γ)−path obtained from α0γ by substituting only one segment.
Without loss of generality, take I = {k, k+1, . . . , t1, t1+1, . . . , l} ∈
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SΓ(γ), where t1 < k ≤ s2 ≤ l < t2. We consider the complete
(Γ, γ)−path
α = ψ(I) = α01α
0
2 · · ·α
0
2k−2(τjk−1α
1
2kα
1
2k+1 · · ·α
1
2t1−1α
1
2t1α
1
2t1+1
· · ·α12lτjl)α
0
2l+1 · · ·α
0
2t2−1α
0
2t2α
0
2t2+1 · · · · · ·α
0
2dα
0
2d−1
= τi0τi1τi2τi2τi3 · · · τit1τit1 τit1τit1+1τit1+1 · · · τik−1(τjk−1τikτik+1τik+1τik+2 · · ·
τis2 τis2 τis2 · · · τil−1τilτjl)τil+1τil+2 · · · τis2−1τis2 τis2+1 · · · · · · τidτidτid+1.
Therefore
deg(x(α)y(α)) − deg(x(α0γ))
= deg(xjk−1 ·
s2∏
a=k+1
xia
l−1∏
a=s2
xia · xjl ·
l∏
a=k
yia −
s2−1∏
a=k−1
xia
l+1∏
a=s2+1
xia)
= deg(
xjk−1xis2xis2xjl
xik−1xikxilxil+1
) + deg(
l∏
a=k
yia),
where xja = 1 if τja is a boundary arc. By definition, we have
deg(
l∏
a=k
yia) = deg(
s2−1∏
a=k
xia−1xja
xia+1xja−1
·
xis2−1xis2+1
xjs2−1xjs2
·
l∏
a=s2+1
xia+1xja−1
xia−1xja
)
= deg(
xik−1xikxilxil+1
xjk−1xis2xis2xjl
).
Thus, deg(x(α)y(α)) = deg(x(α0γ)) which completes the proof.

From Proposition 4.5(1), we can easily get the following corollary (Con-
jecture 8.3 in [19]) which gives a recipe for computing the g−vector for any
cluster variable xΓγ .
Corollary 4.6. Let Γ be a triangulation of (S,M), and xΓγ be the cluster
variable associated to an internal arc γ in the cluster algebra A, then
g
Γ
γ = IndΓ(γ).
Remark 4.7. The above corollary was also proved in Proposition 6.2 in [12]
for even more general cases, that is, 2-Calabi-Yau categories.
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4.5. The expansion formula. For each dimension vector e = (e1, e2, . . . , en)
T ,
let
Xe =
n∏
i=1
xeii and Y
e =
n∏
i=1
yeii .
Hence,
y(α) =
∏
α2k is γ−oriented
yik = Y
dimMIα(Γ,γ)
by definition for each complete (Γ, γ)−path α. Define
µe(Γ, γ) = ♯{I ∈ SΓ(γ)| dimMI(Γ, γ) = e}.
Then Schiffler’s expansion formula can be interpreted in terms of represen-
tations as follows.
Theorem 4.8. Let Γ be a triangulation of (S,M), and γ be a curve in
(S,M), then
EΓγ =
∑
e
µe(Γ, γ) X
IndΓ(γ)+BΓeY e.
Proof. Recall that for any two complete (Γ, γ)−paths α and β,
x(α)y(α) = x(β)y(β) if and only if y(α) = y(β)
since EΓγ is homogeneous by Proposition 4.5. Therefore
EΓγ =
∑
α∈C(γ)
x(α)y(α)
=
∑
Iα∈S(γ)
XIndΓ(γ)+BΓdimMIα(Γ,γ)Y dimMIα(Γ,γ)
=
∑
e
µe(M(Γ, γ)) X
IndΓ(γ)+BΓeY e.
As for the last equality, if α and β are two complete (Γ, γ)−paths such that
dimMIα(Γ, γ) = dimMIβ(Γ, γ) = e,
then both Iα and Iβ belong to µe(Γ, γ). 
Corollary 4.9. Let Γ be a triangulation of (S,M), and xΓγ be a cluster
variable in the cluster algebra AΓ corresponding to an internal arc γ in
(S,M), then
xΓγ =
∑
e
µe(M(Γ, γ)) X
IndΓ(γ)+BΓeY e.
Example 4.10. Reconsider Example 4.1, it is easy to see
B = BΓ =

 0 −1 21 0 −1
−2 1 0


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Hence deg(y1) = (0,−1, 2)
T , deg(y2) = (1, 0,−1)
T , deg(y3) = (−2, 1, 0)
T .
Take an internal arc γ as follows
r
r
r
τ2
τ4 τ5
τ1
τ3
τ6
γ
then
w(Γ, γ) = τ2 → τ3 → τ1 ← τ3.
M(Γ, γ) = I1 is the indecomposable injective module over J(QΓ,WΓ) cor-
responding to the internal arc τ1 and the minimal injective resolution of
M(Γ, γ) is given by
0 −→M(Γ, γ) −→ I1 −→ 0,
hence IndΓ(γ) = (−1, 0, 0)
T by definition. Therefore Theorem 4.8 implies
that
EΓγ = µ(0,0,0)(Γ, γ) ·X
(−1,0,0) · Y (0,0,0)
+µ(1,0,0)(Γ, γ) ·X
(−1,1,−2) · Y (1,0,0)
+µ(1,0,1)(Γ, γ) ·X
(1,0,−2) · Y (1,0,1)
+µ(1,1,1)(Γ, γ) ·X
(0,0,−1) · Y (1,1,1)
+µ(1,0,2)(Γ, γ) ·X
(3,−1,−2) · Y (1,0,2)
+µ(1,1,2)(Γ, γ) ·X
(2,−1,−1) · Y (1,1,2)
=
1
x1x2x23
(x2x
2
3 + x
2
2y1 + 2x
2
1x2y1y3
+x1x2x3y1y2y3 + x
4
1y1y
2
3 + x
3
1x3y1y2y
2
3).
5. Caldero-Chapoton map and Schiffler’s expansion formula
We show in this section that the Caldero-Chapoton map (or cluster char-
acter) and Schiffler’s expansion formula coincide.
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5.1. Caldero-Chapoton map. Let C be a Hom-finite, Krull-Schmidt, 2-
Calabi-Yau triangulated k−category (where k is an algebraically closed
field), and assume that C admits a cluster-tilting object T = T1 ⊕ · · · ⊕ Tn
with n direct summands. Let A = Endop
C
(T ) be the endomorphism algebra
of T in C. Recall that there is an equivalence of categories:
Ext1C(T, ?) : C/T −→modA.
Given a finite dimensional A−moduleM , and a dimension vector e ∈ Nn,
we denote by
Gre(M) = {N ⊆M submodule such that dimN = e}
the variety of e−dimensional submodules of M . Note that Gre(M) is a
projective variety (a subvariety of the classical Grassmannian of subspaces
of M). We denote by χ(Gre(M)) its Euler-Poincare´ characteristic.
Remark 5.1. Let T = addT be the full subcategory of C whose objects are
all direct factors of direct sums of T, then T is equivalent to the category of
finitely generated projective (or injective) modules over A.
We denote by K0(T ) the Grothendieck group of the additive category T .
Lemma 5.2 ([13]). For each object M of C, there exists a triangle
T1 −→ T0 −→M −→ T1[1]
where T0, T1 belong to T . Moreover, as an element in K0(T ),
[T0]− [T1]
does not depend on the choice of this triangle.
We define the index IndT (M) with respect to T of an object M in C as
the element [T0]− [T1] of K0(T ).
The Caldero-Chapoton map (or Cluster character in sense of [17]) with
respect to T
XT? : IndC −→ Q(x1, . . . , xn)
is defined as
XTM :=
∑
e
χ(Gre(Ext
1
C(T,M))) ·X
IndT (M)+BT e
where BT is the skew-symmetric matrix induced by the quiver of EndC(T ).
Let A0T be the cluster algebra with initial seed (BT ,x, 1) where x =
(x1, . . . , xn).
Proposition 5.3 ([17]). The cluster character XT? on C induces a bijection
between the set of reachable rigid indecomposable objects of C to the set of
cluster variables in A0T .
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5.2. Cluster category of a marked surface. Let (S,M) be a marked
surface without punctures, recall that the cluster category C(S,M) of the
surface is defined in [1, 4]. In fact, a quiver with potential (QΓ,WΓ) whose
Jacobian algebra is finite-dimensional is associated to each triangulation Γ of
(S,M), and the cluster category C(S,M) is just defined as the cluster category
of the quiver with potential (QopΓ ,W
op
Γ ) introduced by Amiot (we refer [1]
for more details). Note that C(S,M) is a Hom-finite, Krull-Schmidt, 2-Calabi-
Yau triangulated category and it does not depend on the triangulation of
(S,M) up to triangle equivalence.
It has been show in [4] that each triangulation Γ of (S,M) yields a cluster-
tilting object TΓ in C(S,M) and this yields an equivalence of categories by [15]
Ext1C(S,M)(TΓ, ?) : C(S,M)/TΓ
∼
−→modJ(QΓ,WΓ).
Based on the above equivalence, a geometric characterization of the inde-
composable objects in C(S,M) has been given in [4]. Note that in the special
case where S is a disc, the characterization was given in [6].
Theorem 5.4 ([6, 4]). A parametrization of the isoclasses of indecomposable
objects in C(S,M) is given by “string objects” and “band objects”, where
(1) the string objects are indexed by the homotopy classes of non-contractible
curves in (S,M) which are not homotopic to a boundary segment of
(S,M).
(2) the band objects are indexed by k∗×Π∗1(S,M)/ ∼, where k
∗ = k\{0}
and Π∗1(S,M)/ ∼ is given by the non-trivial elements of the funda-
mental group of (S,M) subject to the equivalence relation generated
by a ∼ a−1 and cyclic permutation.
Remark 5.5. Let γ be a curve in (S,M), if we view γ as a string object in
C(S,M , then
Ext1C(S,M)(TΓ, γ) =M(Γ, γ).
Theorem 5.4 and Proposition 5.3 imply that the cluster character XΓ? :=
XTΓ? induces a map from the curves in (S,M) to Q(x1, . . . , xn). On the
other hand, Schiffler-Thomas’ formula EΓ? (x1, . . . , xn, 1, . . . , 1) (see Remark
3.5) also produces a map from the curves in (S,M) to Q(x1, . . . , xn). These
two maps are expected to be the same.
5.3. Caldero-Chapoton map and Schiffler-Thomas’ formula. We show
in the this subsection that the cluster character XΓ? of C(S,M) of with re-
spect TΓ and Schiffler-Thomas’ expansion formula E
Γ
? coincide for curves
in (S,M), that is, the “string objects” in C(S,M). The following lemma is
important in this subsection.
Lemma 5.6. Let γ be a curve in (S,M). If there is a short exact sequence
in modJ(QΓ,WΓ):
0 −→M(Γ, γ)
f
−→ Q0
g
−→ Q1 −→ N
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with Q0, Q1 injective and N indecomposable, then
IndΓ(γ) = [Q1]− [Q0] ∈ K0(addI)
where I is the category of finitely generated injective modules over J(QΓ,WΓ).
Proof. We take the minimal injective resolution of M(Γ, γ) :
0 −→M(Γ, γ)
f ′
−→ I0
g′
−→ I1.
By definition, (I0, f
′) is the injective envelope of M(Γ, γ), hence
Q0 ≃ I0 ⊕ I
with I injective. Consider the following commutative diagram:
0
0
M(Γ, γ)
M(Γ, γ)
I0
Q0
cokerf ′
cokerf
0
0
f ′
f
1
Schanuel’s Lemma implies that
cokerf ′ ⊕Q0 ≃ cokerf
′ ⊕ I0 ⊕ I ≃ cokerf ⊕ I0.
Therefore cokerf ′ ⊕ I ≃ cokerf. By the definition of minimal injective res-
olution, (I1, i
′) is the injective envelope of cokerf ′ ≃ img′, see the following
commutative diagram
0
0
cokerf ′
cokerf
I1
Q1
cokeri′
cokeri
0
0
i′
i
h
where h : cokerf ′ −→ cokerf ≃ cokerf ′⊕ I is an embedding. We claim that
(Q1, i) is also the injective envelope of cokerf ≃ cokerf
′ ⊕ I. Otherwise, we
can write Q1 ≃ I1 ⊕ I ⊕ I
′ with I ′ 6= 0 an injective module. It implies that
cokerg ≃ cokeri ≃ Q1/imi ≃ (I1 ⊕ I ⊕ I
′)/(imi′ ⊕ I) ≃ cokeri′ ⊕ I ′.
This contradicts the fact that N is indecomposable since cokerg which is
isomorphic to a submodule of N contains a non-zero injective summand.
Therefore
Q1 ≃ I1 ⊕ I
which implies that
IndΓ(γ) = [I1]− [I0] = [Q1]− [Q0].

Theorem 5.7. Let γ be a curve in (S,M), then
XΓγ = E
Γ
γ (x1, . . . , xn, 1, . . . , 1).
22 THOMAS BRU¨STLE AND JIE ZHANG
Proof. It suffices to consider a curve γ 6∈ Γ. By Lemma 5.2 there exists a
triangle
τa1
f
−→ τa0
g
−→ γ
h
−→ τa1 [1]
where T = addTΓ, τa1 and τa2 belong to addT . By applying Ext
1
C(TΓ, ?) to
the above triangle, there is a short exact sequence of J(QΓ,WΓ)−modules
0 −→M(Γ, γ)
Ext1
C
(TΓ,h)
−→ HomC(TΓ, τa1 [2])
Ext1
C
(TΓ,f [1])
−→
HomC(TΓ, τa0 [2])
Ext1
C
(TΓ,g[1])
−→ Hom1C(TΓ, γ[2]).
Since C is a 2-Calabi-Yau k−category, the exact sequence becomes
0 −→M(Γ, γ)
Ext1
C
(TΓ,h)
−→ DHomC(τa1 , TΓ)
Ext1
C
(TΓ,f [1])
−→
DHomC(τa0 , TΓ)
Ext1
C
(TΓ,g[1])
−→ τ(M(Γ, γ))
whereDHomC(τa1 , TΓ) andDHomC(τa0 , TΓ) are injective modules over J(QΓ,WΓ).
Since τ(M(Γ, γ)) is indecomposable or 0 inmodJ(QΓ,WΓ), Lemma 5.6 and
Remark 5.1 implies
IndΓ(γ) = IndTΓ(γ) = [τa0 ]− [τa1 ] ∈ K0(T ).
Moreover, Poettering in [18] gives a recipe to compute the Euler charac-
teristic of a string modules which implies that
µe(Γ, γ) = χ(Gre(M(Γ, γ))).
Therefore Theorem 4.8 shows
EΓγ (x1, . . . , xn, 1, . . . , 1) =
∑
e
µe(Γ, γ) X
IndΓ(γ)+BΓe
=
∑
e
χ(Gre(Ext
1
C(TΓ, γ))) ·X
IndTΓ
(γ)+BTΓe = XΓγ .
Note that BΓ = BTΓ which completes the proof. 
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